5 A Glmpse of Real Analysis

“Definirtion” + (Limit of a Fanction )

LeR s said o be a lwmit off at c ﬂ? when % 1s 3e&hnj closer and cdloser to ¢,
but N&T ectw:zl ‘o ¢, Feo 3eH'JV\j closer and closer o L.

B Los alwt of £ atc, we dencte 76 by Iy feo-L

%r y=feo

& feo)
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1t Note . a fittle bik misler:«:lirjf
f(c) mag NoTeral o L,e.veni’hmaabe.unclefmed!

Neote :
1) Liwmrt cf a :fw\c(:]ovx at a 'Fo'uvr‘:. must be a veal number.
2) We do NOT core kowf behaves a:('_-(:lme.?omb c.

ExamFle, 5.1

Let fﬂR—*R be a ‘fwv:bovx clzflv\ed b‘a Foo =l 4 TELCSEL E3
Find _le fu) 2
|
L 0@ 0499 04999 | t.oot Lot .l / l | >
fw 19 1.99 1999 2 200l 201 2.1

f(so'tevds-(:o 2 a2 x tends +o | .
We write hm-f(x)='2.
>\

Remarks -

Dt The -table onl«a_ Sim an _intutive idea , bt NST a ﬁﬂwws 'Procf!

2) Do NoT reﬁayd f‘“‘-‘h"j limit  as Fkﬂanj «x=1 wto feo ond jd:bv\j f(|)=12




Exnm?[e_ 52

Let $RA=R be a function defired by feo - L=t
We. coan rewrite 'f os the fo\lowivﬁ-.

fb0={7(.+| if xE

W\defmed |f x=1

/ !
x 0.2 0499 o0.999 ( l.oot Lot [.I I
feo q 194 1999 W\defmed 200t 201 2.

'ftx.)-temls—to'lasxte/\ds “+o |I.

(But , we do NOT care what haFFens when x=12)
We still have l\m-fcxn:..
A\

ComPare with -the 'Frevious examFle ?

Remark : | i nost in the domain cf j,l:wbwe,sﬁll +alk  about ’!Lm(fﬁo

Deflﬂ'fﬁon 5.1
| et AcR. A poict ceR is a cluster poirt cf A j?

-for every S>o0 ., there exists at least one -Foivr(-, xeP\{ct sudnh that Ix-cl<&
(VY S$>0)3 xenicd)Ix-cl<S)

Rewrtte i onchher Waty
Defne Nsg@ =Cc-§.c+8)

c is a cluster 'Fo‘m'b cf A lf (N 8>0) (Vg 0 ANIQY # ¢ )

Exam?le. 53

Show that c:1 is a cluster ‘Fo‘w(& cf A=RNIZ .

let S>o0, note that 145 € Vg aAaii)

SN aANIR) o

Remark : Pw\\g real number is a dluster -Fc'mt °§ A =




5<am|>les 5.4
B! lf A= (o.1) , then angy 'Foivr(: in Toal s a cluster ‘FoME cj? A .
2) lf A isa-flnﬂ:e Subset cf'TR, then A has no cluster 'Fo‘wr{-_.

'Def\v\'rtiovx 5.2

Let ASR and let c be a cluster point cf A . For :f=Ps—>'IR,LeTR is o be a limt of
§ ot c f

fm— all £>0 . there edists £>0 such that .f xeh and oclx-cl<8 , then |feo-L <€
(Ye>0)(a 8>0)(¥xe Vg n Anicl) (Ifeo-Ll< )

Geometrical meav\ivs :

Remarks :

O K B:fo.d . f:A=>R,

then we cannst. define ﬁ_u;\‘_)-fm as 0 is NST a cluster point of A.

2) When we say L $oo , e domain o-f T s assumed 4o be the madmum domain

'Hnarbjacavx be.def?ned.




Exaw?‘e, 5.4

Let fﬂk—'“{ be a ‘jwncbw\ Clzfmeﬂ Exa f(ao-'}:x..+l - Show daat 1(&:\5(1):3.
let €50,

How %o find 8>o such that when o<lx-11<8 , we have l-f(-,o-sua ”
1feo-31 e
[ax-al%e
-1l S &
Take 8=%>o ,“then jor al % with o<lx-tl< 8
we have lx-11<8:-&
[ax-2l<€
lQx+D-31< €
Ifeo-31<2

’l‘t‘m jfeo=3

Exan‘e 5.2 (Cont.)

Let $RIA=R be a function defired by feo = Z=b . Show that i foos2.
let €50,

How o -flv\d €50 such Haat when o<lx-11<S , we have l-f(-z)-'zl <e °

[E=e-a ] <e
lxan) -2 L 2 (Nete  x#£1)
2
x-tl < €

Take 8:=¢% >0 , then j’cr al x witdh o<lx-11<8

we have Ix-11<8§

(=x+)-2 Il <€

|l':—'(-2 | <€ Note : o<lx-1l = x-(#0

(-f(x)-zl <€

g Joosa




Eyam?le 5.5
Let ffR—'R be a 'f\mcbm defmeﬂ b‘a -feoﬂ?. Show  Haat liz\z-suhil-.

lebt €50.
How ~+o 'flnd S8so such taat when o<lx-21<8 |, we have l-f(-z)~‘\-l<?. 2
(P4l 2 e

e+ 2 e

\re%udre_ S<|
l

(x-20l<c8 3 2-S<x<2+8 3 4< 4-S<x+2<4+8 < 5

“Then x+al<5

- = £
Ix-3l<8 - =

Take S:m'm{l.—ss"} >0, ‘Hhen j’cr all X it o<lx-2l<8
we._lhave lx-zl<85% and [x-21<Ss1
-1 x-2 s\

-5< 3s x+2 5

Ix+2\< 5

Then lf@o-h-l sb-als lx-allxsal « 5= ¢
2 i f('xh‘l- .

AU

Exercise 5.1

NDlet b,ceR  Prove drat
) lm x=c
AS>C
b)’lég\mb=l:>
Q) lim =
*ASHC

2) Show +that lim Ixl=0

A~»o




'R-oFos:raen 5.1 (Unigueness cf livrks )

Let §:A—=R and lek c be a cluster point of A
8 lim $oo = L and Jim oo = L', then L L',

Prof

SM‘FFose, Jim Foo = L and Jim Feo = L

Given £>0, there exists &, ,8,>0 such that
Ij?eo—LR% -f:r all_xeA wrth o<kx-<l<8,
IFoo-Ll<E for all xeA with oshecl<8,

Take S=mn{S& .8.350 .

Since. ¢ s a cluster poink of A . BoNg@ s nonewlsha.
Pick weBAnN© . we have

LUl 1L =Feo + e - L

< oo - L1+ e L1 (858, 8 2 |x-cl<§ &)
<243

=2

Since. 2 can be arb‘rbmﬁha small , L-L"=0 1e. L=L'.

'Defini'ﬁon 53
Let AR ,:‘f=A—»R and ceR be a cluster Foiv\'(: cf A . We say f is bouded on a
neighbor\nood of c f +there exists a S-neighloorkood AVAZEY cf c and a constart M>o

such that kfeokM fo\r all = e ANnVg




noFos'rEiov\ 52

Let AsR ., $:A—R ,ceR be a cluster poink of A ard fim feo =L,
then § is bowsded on neighborhood ‘ff c.
Pt
Choose e=1,
there exists S>0 sudh that
Beo-Ll<e =t VxeAvd nVgo
e L-l<fed<lx

= Heol< (Ll+|

Toke M= max {fcc) ul+% & fcc) s Qleﬁwad)
or |Ll+t ('rf f(c) i NoT deﬁn&d)

-R‘UFOS?BOV\ 523 ( Nae]amlc PYUFefEleS)

Let AsR . $:A—=R and ceR be a cluster poit of A.
If 1Iti_-:tcfc-;an and Jc"-':‘cﬂ"o =M, then

W b_nccftvoiﬁtx)= L+M

@) ﬁ_v:\cfcaoacao LM

@ 1§ geoto -forall xeP and Mzo0, then e‘fﬂc%%‘%

proof of -

Since Ji_v;\cfemL, there exists §>0 and @>0 such Huat Ifeol<& fwv‘ all_xeAnVg©

Given €50 , treve exsts $°,8”>0 such that
|f&)-Ll<ﬁ fm—aﬂ xeAs{c 0\ @  and |ﬂ(x)-Hl<% for all_xeAs{c} n Vg

Take S=min{s’, 8" 8"} >0, then for al xeMidinVso , we have

lfu)ﬁco-u'ﬂ
= lfbdﬂ(x) =FeoM +feaM - LM
s [feol |3<=0-M(+ Heo-L LM

€ L T .
<& 3g*tam M

R
==+
<




Exercise 5
Prove Hhat .f P s a ‘Folar\owﬁal . then li_v‘AC'P('x) =P .

Exercise. 5.2
let ASR .§=A—>R and ceR be a cluster 'Foiwt of A .
(f asfhosb fov- all xeBA\fc3 and Jégcfw exists , show “hat asﬁycfeosb.

Theorem 5.1 (Sandwich  Theorem )

let AR, f,s,htA—ﬂR and ceR be a cluster 'Foivrb of A.

lf besﬂ(—nsl'\bc) fDV' all xeB\{c} and -alciyc:feo=l_=-:|ni-'=\c hm, '('J'\en -alcig‘cﬂw=l_‘
pros

Given €50, trere exsts §, 8 >0 such that

|f(ﬂ-L|<£ for al xeA{InVgw and lheo-Ll<e for all xeANc) 0 Vg

Take S=min{§,8} , then fbv all xeB &} 0V , we have

-€ <-feo-L<360-L< heo-L<s

" ljeo-Ll<£ and so _ﬁ_v’véjco-L.

Exnm?le 56

Show that lm xsint =0
p & 13
-l= SiV\J-i_ <\ -}w all Rx{cs3
“lxls % = x|
Loobrlexsing s bl for all Raiod
Alse lim -xl = lm Ixl =0 ,
A0 A0

b\a sandwich “theorem, [im w_sm-‘i =0.
Do




